In this paper, we introduce the concepts of multivalued cyclic α-F contraction and triangular α-orbital admissible mappings. We use these concepts to find global best approximation solutions in a metric space with proximally complete property. We also provide some nontrivial examples to support our results. As an application, we obtain best proximity point results in partially ordered metric spaces and best proximity point theorems for single-valued mappings. We also prove fixed point results for multivalued and single-valued α-type F-contractions.
Introduction and preliminaries
Let (X, d) be a metric space. 2 X denotes the family of all nonempty subsets of X, C(X) denotes the family of all nonempty, closed subsets of X, CB(X) denotes the family of all nonempty, closed, and bounded subsets of X, and K(X) denotes the family of all nonempty compact subsets of X. It is clear that, K(X) ⊆ CB(X) ⊆ C(X) ⊆ P(X). For A, B ∈ C(X) Observe that if C ⊆ B, then D(x, B) D(x, C) for all x ∈ X. This implies dist(A, B) D(a, C), ∀a ∈ A.
(1.1) Lemma 1.11 ([17] ). Every cyclical Cauchy sequence is bounded.
Remark 1.12 ([42] ).
(1) If dist(A, B)=0, then cyclical Cauchy sequence in A ∪ B is Cauchy sequence.
(2) The cyclical Cauchy sequences may have more than one limit point.
(3) If A and B are closed subsets of a metric space with dist(A, B) = 0, then (A, B) is proximally complete pair.
(4) Every bounded compact pair of subsets of a metric space is proximally complete.
(5) Any non-empty, closed, and convex pair in uniformly Banach space is proximally complete.
Definition 1.13 ([39]
). Let (X, d) be a metric space, T : X → X be a mapping, and > 0 be a given real number. A point x 0 ∈ X is said to be an -fixed point (approximate fixed point) of T , if
The set of all -fixed points of T is denoted by F (T ).
Definition 1.14 ([31]
). Let (X, d) be a metric space and T : X → X be a mapping. We say that T has the approximate fixed point property if for all > 0, there exists an -fixed point of T , that is, for all > 0
Definition 1.15 ([14])
. A self-mapping T on metric space (X, d) is said to be asymptotically regular at a point x ∈ X if lim n→∞ d(T n x, T n+1 x) = 0, where T n x denotes the n-th iterate of T at x.
Lemma 1.16 ([32]
). Let (X, d) be a metric space and T : X → X be an asymptotically regular at a point x ∈ X, then T has the approximate fixed point property.
Main results
We start this section by defining the following:
Definition 2.1. Let T : X → 2 X be a multivalued map on a metric space (X, d) and α : X × X → [0, +∞) be a function. Then T is called a multivalued α-orbital admissible mapping if for x ∈ X and u ∈ Tx following holds:
α(x, u) 1 implies that α(u, v) 1 for all v ∈ Tu.
Definition 2.2. Let T : X → 2 X be a multivalued map on a metric space and α : X × X → [0, +∞) be a function. Then T is called a multivalued triangular α-orbital admissible mapping if for x, y ∈ X following hold:
(O1) T is multivalued α-orbital admissible;
(O2) α(x, y) 1 and α(y, u) 1 implies that α(x, u) 1 for all u ∈ Ty.
Remark 2.3. Every generalized α * -admissible mapping is multivalued α-orbital admissible mapping but every multivalued α-orbital admissible mapping need not to be generalized α * -admissible mapping as shown in example below.
Then T is multivalued α-orbital admissible. Indeed,
and α(2, v) 1 for all v ∈ T2, since α(2, 1) = α(2, 2) = 2 > 1.
On the other side α(0, 1) = 2 > 1 but α(3, 1) = α(3, 2) = 0. This shows that α(u, v) 1 for all u ∈ T0 and v ∈ T1. So, Definition 1.3 does not hold for this mapping. Also, since α(x, y) (3, 3) }, this implies that T is a multivalued triangular α-orbital admissible mapping. Lemma 2.5. Let (X, d) be a complete metric space and T : X → 2 X be a multivalued triangular α-orbital admissible mapping. Assume that there exist x 0 ∈ X and x 1 ∈ Tx 0 such that α(x 0 , x 1 ) 1. Define a sequence {x n } in X by x n+1 ∈ Tx n . Then α(x m , x n ) 1 for all m, n ∈ N with m < n.
Proof. Since there exist x 0 ∈ X and x 1 ∈ Tx 0 such that α(x 0 , x 1 ) 1, so from (O1) for x 2 ∈ Tx 1 , we get α(x 1 , x 2 ) 1. Inductively, we get
then from (O2), we get α(x m , x m+3 ) 1. Recursively, we obtain α(x m , x n ) 1.
Firstly, we prove the following fixed point results.
Theorem 2.6. Let (X, d) be a complete metric space, α : X × X → [0, +∞), and T : X → K(X). Assume that the following assertions hold:
(i) T is multivalued α-orbital admissible mapping;
(ii) there exist x 0 ∈ X and y 0 ∈ Tx 0 such that α(x 0 , y 0 ) 1;
(iii) there exist F ∈ F and τ > 0 such that for all x, y ∈ X and α(x, y) 1
Then T has the approximate fixed point property. Moreover, if T is multivalued triangular α-orbital admissible mapping and satisfy (iv) T is continuous; (or) if {x n } is a sequence in X with α(x n , x n+1 ) 1 such that x n → x as n → ∞, then there exists a subsequence {x n k } of {x n } such that α(x n k , x) 1 for all k, then T has a fixed point in X.
Proof. From hypothesis (ii), there exist x 0 ∈ X and x 1 ∈ Tx 0 such that α(x 0 , x 1 )
1. Since T is multivalued α-orbital admissible mapping, so, for a sequence {x n } n∈N in X defined by x n+1 ∈ T x n , we get α(x n , x n+1 ) 1. From closeness of Tx 1 , we get, 0 < D(x 1 , Tx 1 ) H(Tx 0 , Tx 1 ). From (2.1), we have
By using (F1) and (2.2), we obtain
Since Tx 1 is compact, there exists
Recursively, we obtain a sequence {x n } in X such that x n+1 ∈ Tx n and
for all n ∈ N. Put a n = d(x n+1 , x n ) for n ∈ N, by using (2.4), we have F(a n ) F(a 0 ) − nτ.
Letting limit as n → ∞ and using (F2 * ), we obtain a n = d(x n+1 , x n ) → 0. Thus, T is asymptotically regular at x 0 , so by using Lemma 1.16, we conclude that T has the approximate fixed point property. Now we prove that {x n } is a Cauchy sequence. On contrary, suppose that {x n } is not Cauchy. Then by Proposition 1.6, there exists γ ∈ (0, ∞) \ ∆(F) such that F is continuous at γ and for every q 0, we have n, m ∈ N with n > m q and d(x m , x n ) > γ. Also there exists q 0 ∈ N such that
Consider two partial subsequences x n k and x m k of x n such that
Observe that
where m k is chosen as a least number m ∈ {n k , n k+1 , n k+2 , . . .} such that (2.6) is satisfied. Also note that because of (2.5) and (2.6), the case n k + 1 m k is impossible. Thus, n k + 2 m k for all k. It implies that
By (2.6), (2.7) and triangular inequality, we have for all k
Again by using triangular inequality together with (2.8), we have
Moreover, since T is multivalued triangular α-orbital admissible, so by using Lemma 2.5, we have
From (2.1) with (F1), we get
Compactness of Tx n k gives,
By letting limit k → ∞ and using (2.9), (2.10), and the fact that F is continuous at γ, we obtain τ 0, which is a contradiction. Thus, {x n } is a Cauchy sequence. Since X is a complete space, there exists u ∈ X such that lim n→∞ x n = u. Now we discuss two cases.
Case I. If T is continuous.
Since x n+1 ∈ Tx n , so we have
This shows that u ∈ Tu, that is, u is a fixed point of T in X.
Case II. For a sequence {x n } in X with α(x n , x n+1 ) 1 such that x n → u as n → ∞, then there exists a subsequence {x n k } of {x n } such that α(x n k , u) 1 for all k. From (2.1), we get
which implies due to (F1) that
Letting limit k → ∞ in (2.11), we obtain D(u, Tu) = 0. This completes the proof.
Following Altun et al. [7] , we state fixed point result for the multivalued mapping T : X → CB(X) by adding the following condition on F.
Theorem 2.7. Let (X, d) be a complete metric space and T : X → CB(X) satisfies all conditions of Theorem 2.6. Assume that, F also satisfies (F4). Then T has a fixed point in X.
1. Since T is multivalued α-orbital admissible mapping, so, for a sequence {x n } n∈N in X defined by x n+1 ∈ T x n , we get α(x n , x n+1 ) 1. If x 1 ∈ Tx 1 , then x 1 is a fixed point of T and it completes the proof. Suppose
By using (F1) and (2.12), we obtain
Due to (F4), we obtain
and from (2.13), we have
Then, by (2.14), there exists x 2 ∈ Tx such that
If x 2 ∈ Tx 2 , then we have done. Otherwise, we can find x 3 ∈ Tx 2 such that
Inductively, we get a sequence {x n } in X such that x n+1 ∈ Tx n for all n ∈ N and
The rest of the proof can be completed as in Theorem 2.6.
Remark 2.8. Theorem 2.6 is proper generalization of Theorem 2.2 of [7] and Theorem 2.7 is proper generalization of Theorem 2.5 of [7] .
Definition 2.9. Let A and B be nonempty subsets of a metric space
, and τ > 0 such that for all x, y ∈ A ∪ B with α(x, y) 1
Lemma 2.10. Let A and B be nonempty subsets of a complete metric space (X, d) and
If T is multivalued α-orbital admissible mapping and there exist x 0 ∈ A and y 0 ∈ Tx 0 such that α(x 0 , y 0 ) 1, then, for any
as n → ∞, where {x n } is a sequence in A ∪ B defined by x n+1 ∈ Tx n for each n 0.
Proof. If dist(A, B) = 0, then from (2.15), we have
By Theorem 2.6, T has the approximate fixed point property and
Suppose that dist(A, B) > 0, then by hypothesis there exist x 0 ∈ A and x 1 ∈ Tx 0 such that α(x 0 ,
. By using (F1) and (2.16), we obtain
Since T is multivalued α-orbital admissible mapping, so recursively, we obtain a sequence {x n } in A ∪ B such that x n+1 ∈ Tx n , α(x n , x n+1 ) 1 and
. ., by using (2.18), we have
Letting limit as n → ∞ and using (F2), we obtain
Lemma 2.11. Let A and B be nonempty subsets of a complete metric space (X, d) and T : A ∪ B → K(X) be multivalued cyclic α-F-contraction. If T is multivalued α-orbital admissible mapping and there exist x 0 ∈ A and y 0 ∈ Tx 0 such that α(x 0 , y 0 ) 1, then the sequence {x n } in A ∪ B defined by x n+1 ∈ Tx n for each n 0 is bounded.
Proof. From hypothesis there exist x 0 ∈ A and x 1 ∈ Tx 0 such that α(x 0 , x 1 ) 1. As proof of Lemma 2.10, we get a sequence {x n } in A ∪ B such that x n+1 ∈ Tx 0 with α(x n , x n+1 ) 1 and
. .. First, we show that the sequence {x 2n } is bounded. Suppose on contrary, then there exists p ∈ N satisfying N < d * (x 2n , x 2(n+p)+1 ) and d * (x 2n , x 2(n+p)−1 ) N, where N = 2p dist(A, B). Thus, for any n ∈ N, we have
Letting n → ∞ and by using Lemma 2.10, we get
which gives a contradiction. Similarly, we can prove that the sequence {x 2n+1 } is also bounded. Thus, {x n } is bounded.
Remark 2.12. Consider T : A ∪ B → CB(A ∪ B) is a multivalued cyclic α-F-contraction, then Lemmas 2.10 and 2.11 remain true if F also satisfies (F4).
Theorem 2.13. Let (A, B) be proximally complete pair of non-empty closed subsets in a metric space (X, d) and T : A ∪ B → K(A ∪ B) be multivalued cyclic α-F-contraction. Assume that T is multivalued triangular α-orbital admissible mapping, let there exist x 0 ∈ A and y 0 ∈ Tx 0 such that α(x 0 , y 0 ) 1 and satisfy (H) if {x n } is a sequence in A ∪ B with α(x n , x n+1 ) 1 such that x n → x as n → ∞, then there exists a subsequence {x n k } of {x n } such that α(x n k , x) 1 for all k.
Then there exists (x, y) ∈ A × B such that D(x, Tx) = dist(A, B) and D(y, Ty) = dist(A, B) with d(x, y) = dist(A, B).
Proof. Let x 0 ∈ A and x 1 ∈ Tx 0 such that α(x 0 , x 1 ) 1, then as proof of Lemma 2.10, we get a sequence {x n } in A ∪ B such that x n+1 ∈ Tx 0 with α(x n , x n+1 ) 1 and 1, 2, 3 , . . .. From Lemma 2.11, we have {x n } is bounded. Now we prove that {x n } is cyclical Cauchy sequence in A ∪ B. Since T is multivalued triangular α-orbital admissible mapping, so by Lemma 2.5, we have α(x n , x m ) 1 for any m, n ∈ N with m n. Then by (2.15), we obtain
Letting n → ∞, we get
as n → ∞, which implies that the {x n } is cyclical Cauchy sequence in A ∪ B. Since the pair (A, B) is proximally complete, we have, the sequences {x 2n } and {x 2n+1 } have convergent subsequence. Let {x 2n k } be a subsequence of {x 2n } such that
Letting k → ∞ in (2.19) and using Lemma 2.10, we get
From (2.15), for all x, y ∈ A ∪ B with H * (Tx, Ty) > 0 and α(x, y) 1, we get
From hypothesis (H), there exists a subsequence {x 2n kq } of {x 2n k } such that α(x 2n kq , x 2n k ) 1, then from (2.21), we obtain
Letting k → ∞ in (2.22) and using (2.20), we get D * (x, Tx) = 0. Consequently, D(x, Tx) = dist(A, B). Similarly, if {x 2n k +1 } is a subsequence of {x 2n+1 } that converges to y ∈ B, we can prove that D(y, Ty) = dist(A, B). Moreover,
As similar arguments in Theorem 2.13, we state the following. 
Therefore, T is multivalued cyclic α-F-contraction for τ = By taking α(x, y) = 1 in Theorem 2.13 and Theorem 2.14, respectively, we get the following: 
Best proximity results in partially ordered metric space
Let (X, d, ) be a partially ordered metric space and T : X → 2 X be a multivalued mapping. For A, B ∈ 2 X , A B implies that a b for all a ∈ A and b ∈ B. We say that T is monotone increasing if Tx Ty for all x, y ∈ X, for which x y. The existence of best proximity points in the setting of partially ordered metric space is discussed by many authors (see [2, 10, 33] and references therein). There are many applications in differential and integral equations of monotone mappings in ordered metric spaces. In this section, we derive the following new results in partially ordered metric spaces from our main results. (i) T is monotone increasing; (ii) there exist x 0 ∈ X and y 0 ∈ Tx 0 such that x 0 y 0 ; (iii) there exist F ∈ F and τ > 0 such that for all x, y ∈ X with x y H(Tx, Ty) > 0 implies τ + F(H(Tx, Ty)) F(d(x, y)); (iv) T is continuous; (or) if {x n } is a sequence in X with x n x n+1 such that x n → x as n → ∞, then there exists a subsequence {x n k } of {x n } such that x n k x for all k.
Then T has a fixed point in X.
then for z, y ∈ X with z y and α(z, y) 1, we get T is multivalued triangular α-orbital admissible mapping. Also, suppose that α(x, y) 1 and H(Tx, Ty) > 0, then x y and hypothesis (iii) implies τ + F(α(x, y)H(Tx, Ty)) = τ + F(H(Tx, Ty)) F (d(x, y) ).
Thus, all the conditions of Theorem 2.6 hold true. Hence, T has a fixed point in X.
By similar arguments as in Theorem 3.1, from Theorem 2.7, Theorem 2.13 and Theorem 2.14, we state the following. Theorem 3.2. Let (X, d, ) be a complete partially ordered metric space and T : X → CB(X) satisfies all conditions of Theorem 3.1. Assume that, F also satisfies (F4). Then T has a fixed point in X. (i) T is monotone increasing; (ii) there exist x 0 ∈ X and y 0 ∈ Tx 0 such that x 0 y 0 ; (iii) if {x n } is a sequence in A ∪ B with x n x n+1 such that x n → x as n → ∞, then there exists a subsequence {x n k } of {x n } such that x n k x for all k; (iv) there exist F ∈ F and τ > 0 such that for all x, y ∈ A ∪ B with x y 
Application to single-valued mappings
In this section, as an application of our previous sections, we obtain best proximity point results and fixed point results for single-valued mappings. Theorem 4.1. Let (X, d) be a complete metric space, α : X × X → [0, +∞), and T be a self-mapping on X. Assume that the following assertions hold:
(i) T is α-orbital admissible mapping; (ii) there exist x 0 ∈ X and y 0 = T x 0 such that α(x 0 , y 0 ) 1; (iii) there exist F ∈ F and τ > 0 such that for all x, y ∈ X and α(x, y) 1
Then T has the approximate fixed point property. Moreover, if T is triangular α-orbital admissible mapping and satisfies (iv) T is continuous; (or) if {x n } is a sequence in X with α(x n , x n+1 ) 1 such that x n → x as n → ∞, then there exists a subsequence {x n k } of {x n } such that α(x n k , x) 1 for all k, then T has a fixed point in X.
Proof. Define a mapping f : X → K(X) by f(x) = {Tx} for all x ∈ X. Continuity of T implies continuity of f. Suppose that for x ∈ X and u ∈ fx = {Tx}, α(x, u) 1. This implies α(x, Tx) 1. By hypothesis (i), we get α(T x, T 2 x) 1. Also, for x, y ∈ X with α(x, y) 1 and α(y, u) 1 for all u ∈ f(y) = {Ty} hypothesis (i) implies α(x, Ty) = α(x, u) 1.
Let H(fx, fy) > 0 for x, y ∈ X, then d(Tx, Ty) > 0. From hypothesis (iii), we get
Hence, f is multivalued α-orbital admissible mapping. Hence all conditions of Theorem 2.6 hold true and f has a fixed point x * in X. Then x * ∈ f(x * ) = {Tx * }. This implies x * = Tx * , that is T has a fixed point in X.
Remark 4.2. Corollary 3.11 of [20] is for α-type F-contraction, which is obtained by Theorem 3.8 and Theorem 3.9 of [20] , whose proofs are erroneous as mentioned by Imdad et al. [27] . While, in Theorem 4.1, we prove fixed point result for α-type F-contraction without any ambiguity which generalizes Theorem 1.5. 
By similar arguments as in Theorem 4.1, we state the following. 
Hence T is cyclic α-F-contraction with τ = Observe that, for x = (−1, 1), y = (4, 0), we have
This shows that there exists no k ∈ (0, 1) such that (4.1) holds true. Therefore, Corollary 4.6 is not applicable for this example.
Combining Theorem 2.4 of [25] with Example 2.1 of [25] gives the following corollary. (i) T is non-decreasing and ordered GF-contraction; (ii) there exists x 0 ∈ X such that x 0 Tx 0 ; (iii) either for a given x ∈ X and a sequence {x n } with x n x n+1 such that x n → x as n → ∞, we have Tx n → Tx; or if {x n } is a sequence in X with x n x n+1 such that x n → x as n → ∞, then either Tx n x, or T 2 x n x holds for all n ∈ N.
Then T has a fixed point in X. (ii) T is monotone increasing; (iii) there exist x 0 ∈ X and y 0 = Tx 0 such that x 0 y 0 ; (iv) if {x n } is a sequence in A ∪ B with x n x n+1 such that x n → x as n → ∞, then there exists a subsequence {x n k } of {x n } such that x n k x for all k; (v) there exists F ∈ F and τ > 0 such that for all x, y ∈ A ∪ B with x y
Then there exists (x, y) ∈ A × B such that d(x, Tx) = dist(A, B) and d(y, Ty) = dist(A, B) with d(x, y) = dist(A, B).
Corollary 4.10. Let (X, d, ) be a complete partially ordered metric space and T be a self-mapping on X. Assume that the following assertions hold:
(i) T is monotone increasing;
(ii) there exist x 0 ∈ X and y 0 = T x 0 such that x 0 y 0 ; (iii) there exist F ∈ F and τ > 0 such that for all x, y ∈ X with x y d(Tx, Ty) > 0 implies τ + F(d(Tx, Ty)) F(d(x, y)).
(iv) for a given x ∈ X and a sequence {x n } with x n x n+1 such that x n → x as n → ∞, we have Tx n → Tx; (or) if {x n } is a sequence in X with x n x n+1 such that x n → x as n → ∞, then there exists a subsequence {x n k } of {x n } such that x n k x for all k.
Then T has a fixed point in X. (i) T is monotone increasing; (ii) there exist x 0 ∈ X and y 0 = T x 0 such that x 0 y 0 ; (iii) for all x, y ∈ X with x y, k ∈ (0, 1) d(Tx, Ty) kd(x, y);
Example 4.13. Consider the sequence {S n } n∈N as in Example 2.5 of [44] . Let X = {S n : n ∈ N} and d(x, y) = |x − y| for all x, y ∈ X. Define order on X as S n S m ⇔ n m.
Then (X, d, ) is a complete partially ordered metric space. Define a self-mapping T on X by T(S n ) = 1, if n = 1, S n−1 , if n > 1, and F : R + → R by F(r) = ln r + r, then F ∈ F. Also, T is monotone increasing. Indeed, let S n S m , then n m, so we have three possibilities. In both cases, T satisfies hypothesis (iii) of Corollary 4.10 for τ = 1. Thus, all conditions of Corollary 4.10 hold true and S 1 is the fixed point of T in X.
Remark 4.14. In Example 4.13, T is not Harjani-Sadarangani's type contraction [21] and also it is not a Banach's contraction because
Therefore, Corollary 4.12 can not be applied for this mapping also Theorems 2 and 5 of [21] are not applicable for this mapping.
